We study the optical conductivity in a (2+1)-dimensional non-relativistic field theory holographically dual to a (3+1)-dimensional charged Lifshitz black brane within the Einstein-Maxwell-dilaton theory. Surprisingly, we find that the optical AC conductivity satisfies the nontrivial (non-)power law scaling in the high frequency regime rather than approaching to a constant when the dynamical critical exponent z > 1, which is qualitatively similar to those in various disordered solids in condensed matter systems. Besides, this (non-)power law scaling behavior shows some universality, which is robust against the temperatures.
I. INTRODUCTION
The AdS/CFT correspondence [1] [2] [3] or generally the gauge/gravity duality, has provided us very effective tools to study the properties of the strongly coupled quantum field theories which live on the boundary of certain gravitational backgrounds. One of the most important characteristics of the gauge/gravity duality is that it is a kind of strong-weak duality. In view of this duality, various important phenomena of the strongly coupled field theories can be studied by performing calculations on their dual weakly coupled gravity side. Recently, motivated from the study in condensed matter physics, many attempts have been made in constructing bulk gravitational solutions to model numerous types of strongly coupled phenomena in condensed matter systems, especially close to the phase transition or quantum critical points, including the superconductor (superfluid) phase transition [4] , Fermi and non-Fermi liquids [5] , superconductor-insulator transitions [6] etc, for recent review, see [7, 8] . There are also some quantum phase transition systems in condensed matter physics which contain the Lifshitz-fixed points have received much attention. On one hand, these developments successfully extended the gauge/gravity duality into the more general form, namely, non-relativistic version [9] [10] [11] [12] [13] [14] [15] [16] . On the other hand, they allow us to study strongly coupled systems toward realistic laboratory conditions by holographic principle, which may also be used as a test for the gauge/gravity duality itself. This paper focuses on dealing with Lifshitz field theory in the framework of the non-relativistic gauge/gravity duality. Following our previous work [17] , we continue studying the holographic optical conductivity in the quantum field theory which is dual to the Lifshitz black brane with two independent U (1) gauge fields [18] . To compare with the phenomena in condensed matter physics, we work in a (3+1)-dimensional Lifshitz spacetime, i.e., the dual field theory is (2+1)-dimensional, and we focus on the case of 1 ≤ z ≤ 2, where z is the dynamical critical exponent. When z = 1, the Lifshtiz black brane will return to the usual Reissner-Nordström (RN)-AdS black brane, therefore, the optical conductivity we obtain is similar to those studied in previous AdS/condensed matter literatures, such as [7] . However, when z > 1 the optical conductivity, especially its AC part, shows interesting behavior which is less discussed before as far as we know. More explicitly, we find that the optical conductivity will possess a non-trivial scaling with respect to the frequency in large frequency regime when z > 1, such as ω s(z) where s(z) > 0 is a function of z. This feature is very interesting, since in the previous literatures people argued that the large frequency behavior of the electric conductivity in (2 + 1)-dimensional field theory will approach to a constant due to the dimensionless of the conductivity [19] . While in this paper we do find a counterexample. We argue from the viewpoint of non-relativistic gauge/gravity duality that the particular scaling behavior of the optical conductivity with respect to large frequency is caused by the couplings between the dilaton and the electromagnetic fields in the Einstein-Maxwell-dilaton (EMD) theory. This kind of non-minimal coupling will probably introduce extra dimensional scale into the boundary field system, which results in the peculiar evolution of the optical conductivity associated with the frequency. For earlier studies on holographic properties of charged dilatonic black brane in EMD theory with non-minimal coupling in asymptotically AdS spacetime, see for example [20, 21] .
More interestingly, we surprisingly find from the condensed matter literatures that there indeed exists a similar universal behavior of the optical conductivity in (2+1)-dimensional condensed matter systems, such as [22] , in which the authors studied the optical conductivity in various disordered solids both experimentally and theoretically. We observe that the optical conductivity studied in the present holographic model has very like behaviors to those in disordered solids in the extreme disorder limit for both high and low frequencies, at least qualitatively. In order to figure out this interesting phenomenon in more detail, we extend our previous study on the optical conductivity [17] into various temperatures and find that in the low frequency regime, the optical conductivity will decrease as the temperature decreases, which is consistent with the experiments in [22] qualitatively. In particular, at zero temperature the conductivity will vanish, which suggests that the conducting electrons will be frozen at zero temperature 1 . In addition, we show that all the optical conductivities will have the same scaling with respect to the frequency whatever the temperature is for the fixed z in the high frequency regime. This robust phenomenon for the high frequency behavior of the conductivity is also in accordance with the experiments [22] .
Furthermore, we also find a linear relation between the logarithmic of the optical conductivity versus the reciprocal of the temperature in some regime of the temperatures, which is qualitatively similar to those in disordered solids [28] , as well. All of these consistencies of the holographic optical conductivity with those in various disordered solids allow us to guess that there might be some deep relationship between them, although the underlying precise details are not very clear at present. Strictly speaking, there are no apparent disorder parameters in our model, namely, there is neither spatial inhomogeneity in the background spacetime, nor interaction terms randomly distributed on the spatial coordinates like those studied in [29] [30] [31] [32] . However, we want to point out that the fluctuation of the second U (1) gauge field in our construction could be interpreted as the impurity field [33] , which interacts with the first U (1) gauge field indirectly through the dilaton field. The homogeneous optical conductivity may relate the extreme disorder limit of disordered solids in which local randomly varying mobilities of charge carriers cover many orders of typical length scale of the condensed matter system [22] .
The rest parts of this paper is organized as follows: The configuration of the asymptotic Lifshitz brane is briefly introduced in Section II; We show the numerical results of the optical conductivity in Section III; The conclusions and discussions are drawn in Section IV.
II. THE CONFIGURATION OF THE LIFSHITZ BLACK BRANE
The bulk gravitational theory we consider is the (3 + 1)-dimensional Einstein-Maxwell-dilaton (EMD) theory with the action
where Λ is the cosmological constant, F aµν = ∂ µ A aν − ∂ ν A aµ (a = 1, 2) are the U (1) gauge field strengths associated with two independent gauge fields A 1µ and A 2µ , φ is the dilaton field, while λ 1 and λ 2 are the coupling constants between the gauge fields and the dilaton. The dynamical equations in the bulk are
One of the solutions for the above EMD theory is a kind of charged Lifshitz black brane derived in [18] 
where l is the curvature radius of the Lifshitz spacetime, µ is the scalar field amplitude, m and q are respectively related to the mass and charge of the black brane. The Hawking temperature of the Lifshitz black brane and the entropy density of boundary non-relativistic field are respectively
where we have denoted the location of the outer event horizon to be r = r h , i.e. f (r h ) = 0.
III. THE OPTICAL CONDUCTIVITY
In this section, we will numerically compute the optical conductivity of the non-relativistic quantum field theory dual to the above charged Lifshitz black brane 2 . We will show that the holographic optical conductivity is qualitatively similar to those in various of disordered solids in condensed matter systems. In order to calculate the electric conductivity σ, we will turn on the x−direction perturbation of the gauge field A 2 , and also the perturbation along tx-component of the metric, i.e., we will work out the electric conductivity with backreaction. 3 Specifically, we will set the perturbation of gauge fields as δA x (t, r) = a x (r)e −iωt , as well as the perturbations of the metric along tx-direction to be δg tx (t, r) = h tx (r)e −iωt . 4 It turns out that the coupled linear
EoMs for the perturbations are,
2 The optical conductivity studied in the present paper is calculated from the current-current 2-point correlator of the bulk perturbed U (1) gauge field A2 in the linear perturbation limit, i.e., the bulk effective action is expanded up to the second order which corresponds to the tree level approximation from the boundary quantum field theory side. Note that the optical conductivity of the disordered solids is related to the hopping of electrons or ions, thus it is more appropriate to consider the charge transport of the fermions, namely, to compute the optical conductivity from the bulk charged fermions. However, such optical conductivity is from the one-loop bulk effective action contribution, see [8, 40] for related studies in AdS spacetime. We expect that the optical conductivities obtained by these two methods reveal different aspects of the boundary condensed matter system and we will further study their relationship in another work. 3 From [18] , we know that A1t is divergent at the boundary r → ∞, it plays a key role in supporting the geometry of the Lifshitz spacetime instead of contributing to the free charge of the electromagnetic field; While A2t is the real free electromagnetic field. Besides, our numeric results also show that the perturbation of A1, say a1x, is divergent at the boundary. Thus only the fluctuations of A2, namely, a2x is the genuine electromagnetic perturbations, which will contribute to the electric conductivities. Therefore, we only need to turn on the perturbations a2x and htx, while turning off the perturbation a1x. In the following we will refer to the perturbations a2x as ax. 4 The fluctuation a2x is the transverse channel and htx is the shear channel, they are both vector modes and their EoMs can be obtained by applying the combined variation (diffeomorphism + U (1) gauge transformation) to the bulk Maxwell equation, which only results in two independent EoMs for a2x and htx as eq. (5) and eq. (6) . While other linear perturbations are decoupled with the vector mode and will not affect the calculation on the optical conductivity.
For r → ∞, Eq.(6) will become
The general solution for Eq. (7) is
in which, J ±α (β) is the Bessel function of the first kind, while C 1 and C 2 are the constant coefficients.
The explicit asymptotic behavior of a x near the infinite boundary for 1 ≤ z ≤ 2 can be found as (We have set l = 1.)
in which C 1 and C 2 might be functions of ω depending on which z we choose. Explicitly, C 1 and
These coefficients C 1 and C 2 (or d 2 ) should be determined by integrating the Eq.(6) from the horizon to the boundary via numerical methods. According to the dictionary of gauge/gravity duality, C 1 represents the source while C 2 represents the vacuum expectation value of the current operator J x dual to a x . In addition, the asymptotic behavior of h tx near the infinity boundary is,
where, h
(1) tx = C 1 q/(4 − z) in which C 1 is the source term of the expansions in a x , see Eq.(9).
A. Quadratic renormalized on-shell action
In [17] , we have derived the on-shell renormalized quadratic action from which the conductivity can be obtained. Therefore, we will just show the results in the following without detailed calculations. The total renormalized quadratic on-shell action for the perturbations a x and h tx is,
for 1 ≤ z < 2. Or,
when z = 2. Therefore, we can readily calculate the optical conductivity σ(ω) as the following:
B. Numerical results of conductivity
In the numerical calculations, we have adopted the usual ingoing boundary conditions near the horizon and scaled l = 1, r h = 1, and µ = 1.
1. Figure 1 In Fig.1 , we show the real part of conductivity Re(σ) versus the frequency ω, for different temperatures T and various z in the left panel. In order to compare the results to those in condensed matter physics, we also draw the log-log plot for the conductivity versus the frequency in the right panel.
• High frequency regime: For large frequencies, the asymptotic behavior of σ can be obtained from the expansions in Eq.(9) and the formula in Eq.(13), it is
where, a is a certain constant independent of ω. We can clearly see that these large frequency scaling behaviors of the conductivity are consistent with those in the left panel of Fig.1 .
For high frequency, the real part of the conductivity will tend to a constant when z = 1, which is similar to the results in studying holographic superconductors, e.g. [7] . But the differences come from the cases of z = 3 2 and z = 2, in which the Re(σ) will depend on ω according to Eq. (14) . This is an interesting and new phenomenon from the viewpoint of the gauge/gravity duality, which has not been observed in the previous literatures as far as we know. Actually, people always argue that the electric conductivity in (2 + 1)-dimensional field theory will tend to a constant in the high frequency region, because conductivity has a vanishing scaling dimension in this spacetime dimension [19] . However, in condensed matter physics, the electric conductivity will not always tend to a constant even in (2 + 1)-dimensional field theory. For instance, in [22] the author studied the optical conductivity for various disordered solids in (2 + 1) dimensions both from the experiments and model building, and showed that there does exist a nontrivial scaling behavior of the electric conductivity in the large frequency regime, which is independent of details of the disordered solids.
In order to compare our holographic results to the results in condensed matter physics, we also plot the log-log figure of the conductivity versus the frequency on the right panel in Fig.1 . It can be found that the behavior of the conductivity is very similar to those in [22] , at least qualitatively.
We need to point out that although the coincidence of the holographic conductivity with those in disordered solids are very surprising, the underlying detailed correspondence between these two aspects are still unclear so far. Unlike previous attempts on studying the impurities and disordered systems via gauge/gravity duality in which interactions randomly distributed spatially are added in the action [29] [30] [31] [32] , there are no such interaction terms introduced in our model instead of two spatial uniformly distributed U (1) gauge fields coupled with the dilaton in Eq.(1). However, we find that the peculiar frequency dependence of the holographic optical conductivities in Eq. (14) stem from the coupling of the dilaton with the second Maxwell field in Eq.(1), i.e. the e λ 2 φ F 2 2 term. Note that although the second U (1) gauge field does not interact with the first one directly, they indeed interact with each other indirectly via the dilaton field. In this sense, we regard the fluctuation of the second gauge field a x as the impurity field, it may relate to the disorder parameter of disordered solids in the extreme disorder limit when local randomly varying mobilities of charge carriers cover many orders of typical length scale of the condensed matter system, which results in the homogeneously distributed local optical conductivity [22] .
In order to see more clearly how we obtain this particular feature in the optical conductivity, we compare our calculations with those performed in the Lifshitz black brane which is a solution of the EMD theory with only one U (1) gauge field (it has a similar role as A 1 in our case) [34] . Rather than two gauge fields case, the single U (1) gauge field can only supports the geometry of a neutral Lifshtiz spacetime. To study the conductivities, additional probe gauge field needs to be added into the background, it is shown that this kind of probe gauge field actually had the same r dependence as A 2 in our paper. However, the key difference was that the probe U (1) gauge field added in [34] is minimally coupled, namely, it does not couple with the background dilaton. However, we have a natural interaction between the dilaton and the gauge field A 2 in the action and consequently, the effect of the dilaton φ will enter into the coefficient of a ′ x , i.e., through the (λ 2 dφ/dr) term in Eq.(6). 5 Besides, the rest terms in Eq.(6) are the same as those in [34] when approaching the boundary r → ∞. Therefore, this dilaton contribution to the coefficients of a ′ x is very crucial. It will modify the expansions of a x near the boundary, and finally make the conductivity varies as well. 6 Physically, we speculate that the interactions between the dilaton and the Maxwell 5 Note that the dilaton field has a logarithmic behavior in r, i.e., φ ∼ log(r) which is important to render dφ/dr ∼ 1/r.
And then this 1/r behavior will enter into the coefficients of a ′ x at the boundary r → ∞. 6 Turning on the backreaction in the tx component will only affect the conductivity in the low frequency regime.
Because the metric fluctuations will only enter into the coefficients of ax, and it has a higher order of 1/r than the term contains ω 2 . In our paper, it is 1/r 2z+4 which will decay more rapidly than the term 1/r 2z+2 which contains ω 2 when r → ∞, please see Eq. (6) . Therefore, the backreaction will have a minor modification on the large frequency behavior of the conductivity. This can also be understood physically, because for large frequency fields will give extra dimensional scale into the boundary field system and consequently render the conductivity not to tend to a constant at high frequency. Although there are a lot of works studying the conductivity in dilaton gravity from the gauge/gravity duality before, such as [35] [36] [37] [38] [39] , they mainly focus on the relativistic case, i.e., z = 1. Our present work is a further step towards studying the AC optical conductivity of the non-relativistic quantum field theories dual to the dilatonic-like Lifshitz spacetime, in the hope of describing the real condensed matter systems in the laboratory conditions. 7 We also find that the high frequency behavior of the conductivities have the same slope whatever the temperature is. This kind of universality of the optical conductivity was also similar to those analyzed in [22] . This property can be understood from what we have mentioned in the footnote 6 that for large frequency, the frequency energy will dominant, therefore, the temperature effect will be minor.
• Low frequency regime: In the low frequency regime, we set the smallest frequency be 10 −5 in the numerical calculations, because when ω = 0 there will be some numerical instability. In the following, we will regard the DC conductivity to be the conductivity at ω = 10 −5 in practice, rather than the conductivity at ω = 0 in theory. We think that this will not lead to any misunderstanding.
First, we can see that the DC conductivity will increase as the temperature increases. Particularly, when the temperature is zero the DC conductivity will vanish for any z. Physically this means the conducting electrons are 'frozen' at T = 0. Second, from the right panel of Fig.1 , we find that when the temperature is a little bigger than zero, the slope of the conductivity in low frequency is very flat. The exception occurs when T = 0, at which the slope is much deeper than those at a finite T . The above low frequency behaviors of the holographic optical conductivity are also consistent with those in [22] .
2. Figure 2 In the left panel of Fig.2 , we plot the real part of the conductivity versus the temperature under different frequency and various z. We find that for a fixed temperature, when frequency increases the frequency energy will be dominant than other ingredients, such as the temperature, chemical potential, etc. This is also the origin of the universality that the high frequency behavior of the conductivity is robust against the temperature. 7 In [41] , the authors worked in a dilatonic-like Lifshitz spacetime with hyperscaling violation factors. However, they studied the conductivity for a special case θ = d − 1, where θ is a hyperscaling violation exponents, while d is the spacial dimension of the boundary. In order to compare their spacetime background to ours, one should impose θ ≡ 0, i.e., d = 1. Therefore, they studied the conductivity for a (1 + 1)-dimensional field theory, if compared to our backgrounds. the conductivity will increase as well. And for a fixed low frequency (say ω = 10 −5 or ω = 1), the conductivity will grow as the temperature grows; However, for a fixed high frequency (say ω = 12), the conductivity will always be flat with respect to temperature. This reflects the universality we have mentioned above. The conductivity for ω = 4 is in between with the low and high frequency, it will grow more moderate according to the temperature. The exception is for z = 1, because in this case the conductivity for ω = 4 is in the bump part in the upper-left plot for Fig.1 . The above analysis is consistent with the Fig.1 , so we will not discuss them at length.
In order to compare the above results to the condensed matter literature more apparently, such as [28] , we also draw the log plot of the conductivity versus the reciprocal of the temperature T −1 in the right panel of Fig.2 . The range of T −1 is roughly 4.3 ∼ 6.5, therefore, the temperature T is about 0.15 ∼ 0.23 which is in the higher temperature regime in the left panel of Fig.2 . We can readily find that the log(Re(σ)) is linearly proportional to T −1 in this temperature regime.
This linear behavior is consistent with the results in [28] qualitatively. In paper [28] , the author studied the conductivities in a hopping model which was used to investigate the disordered solids.
Therefore, from Fig.2 we find that the behavior of the conductivity is consistent with that in disordered solids in experiment as well. We think that these consistencies should have some deep relations between the dilatonic-like Lifshitz spacetime and the disordered solids, but the more clear physical picture needs to be further explored. 3. Figure 3 In the right panel of Fig.2 , we find a linear relation between log(Re(σ)) and the reciprocal of the temperature T −1 in a finite range of the temperature. However, for the whole range of the temperature we considered in this paper, this linear relation will not hold anymore. It was suggested in [28] that the DC conductivity could be approximated by the following relation
where, σ 0 represents the conductivity when T → ∞, T 0 is a parameter which can characterize the disorder, while γ is related to the dimension of the field theory, so in our case γ = 1/3 if we admit the above relation Eq. (15) . But in our paper, we will regard γ as an undetermined parameter which will be set by the data, and then compare the discrepancy between the γ we deduce with that γ = 1/3.
In Fig.3 , the squares, dots and circles are the data of DC conductivity from Fig.2 , while the solid lines are the fitting curves of the data by virtue of the relation Eq. (15) . The parameters we have fitted are shown in Table I . We find that γ will decrease according to the growth of z, rather than γ = 1/3 in [28] , however, we can see that γ we fitted does not departure from γ = 1/3 very much. If our holographic model can genuinely mimic the disordered solids, the dynamical critical exponents of the disordered solids must lie between 1 < z < 3/2. T 0 for various z are around 6, which does not also change very much. σ 0 will decrease as z increases, which indicates that the dual field theory for z = 1 will have the largest conductivity when T → ∞. But as we have discussed above, the deep relations between our holographic model and the disordered solids are still unclear, so the real physical meanings of the parameters γ, T 0 and σ 0 are still vague in the gravity side.
IV. CONCLUSIONS AND DISCUSSIONS
In this paper, we calculated the optical conductivity in the background of a 4-dimensional charged Lifshitz black brane with two independent U (1) gauge fields in the EMD theory. When z = 1, we found that the behavior of the conductivity was similar to previous studies in the AdS/Condensed matter literatures. However, for z > 1, we observed a peculiar behavior of the optical conductivity which would not tend to a constant in the high frequency regime even in (2 + 1)-dimensional field theory. Strikingly, we found that the (non-)power law scaling behavior of the AC conductivity was consistent with the experiments in various disordered solids at least qualitatively. Furthermore, this kind of scaling behavior showed a universality for a fixed z whatever the temperature was. In the low frequency regime, the conductivity would decrease if the temperature decreased. In addition, we also found a linear relation between the logarithmic of the conductivity versus the reciprocal of the temperature in certain regimes of the temperature. This linear relation was also qualitatively consistent with the experiments in disordered solids. Even though the holographic optical conductivity we obtained performed some special features analogous to those in the disordered solids, we have to point out there was no apparent disorder parameter in our model, namely, there was neither spatial inhomogeneity in the background spacetime, nor interaction terms randomly distributed on the spatial coordinates. 8 However, as we have explained in the introduction, physically, the fluctuation of the second U (1) gauge field could be interpreted as the impurity field, which interacted with the first U (1) gauge field indirectly through the dilaton.
While the resulting homogeneous optical conductivity may relate to the extreme disorder limit of disordered solids in which local randomly varying mobilities of charge carriers could cover many orders of typical length scale of the condensed matter system. Technically, the peculiar scaling behavior of the optical conductivity actually stemmed from the couplings of the dilaton to the Maxwell fields, which lead to an unusual expansions for the perturbation of gauge fields and thus altered the conductivity. Thus we would like to say that we observed the phenomenon similar to the optical conductivities in disordered solids via the gauge/gravity duality, instead of claiming that we have found a good holographic model that could genuinely describe the disordered solids.
We believe that there should have some deep physics to explain the coincidence but the underlying details and the holographic model require further investigations.
